Next generation of wireless systems will employ many antenna branches with low-cost devices and hence, may suffer from severe hardware impairments (HWI) like I/Q imbalance, phase noise, etc. With I/Q imbalance, the received signal is a widely linear transformation of the transmitted signal and noise. Thus, the effective noise may be improper, which means that its real and imaginary parts are not independent and identically distributed. Improper Gaussian signaling (IGS) can improve system performance with improper noise and/or improper interference. This paper studies IGS for multiple-input, multiple-output (MIMO) K-user interference channels (IC) with imperfect devices in terms of two performance metrics: achievable rate and energy efficiency (EE). We also define an optimization framework for interferencelimited systems when treating interference as noise. This framework obtains a stationary point of any optimization problem in which either the objective function and/or constraints are linear functions of rates. These include the optimization of the rate region, the sum-rate, the EE region, or the global EE, among others. Our numerical results show that IGS can improve the performance of MIMO K-user IC with HWI and I/Q imbalance, where its benefits increase with K and the imbalance level and decrease with the number of antennas. 2 Achievable rate region, convex/concave procedure, energy efficiency, generalized Dinkelbach algorithm, hardware impairments, improper Gaussian signaling, interference channel, majorization-minimization, MIMO systems.
I. INTRODUCTION
Wireless communication devices are never completely ideal in practice, which can significantly degrade the system performance especially when the hardware non-idealities are not adequately modeled and accounted for the system design. The impact of hardware imperfections has become even more important in modern wireless communication systems. In particular, millimeter wave (mmW) and wideband communications, which are main trends for 5G and beyond communication systems, may severely suffer from hardware nonidealities and impairments [1] . In general, hardware impairments (HWI) may occur due to imperfections such as quantization noise, phase noise, amplifier nonlinearities, and I/Q imbalance [2] - [20] .
In addition to hardware nonidealities, communication systems may suffer from strong interference because modern wireless communication systems are mostly interference-limited. Thus, interference management techniques will play a key role in next generations of wireless communications such as 5G [21] . In the last decade, the use of improper Gaussian signaling (IGS) techniques have been proposed and extensively studied as an interference-management technique [4] , [22] - [39] . The real and imaginary parts of complex improper signals are correlated and/or have unequal powers, for a full treatment of improper signals the reader is referred to [40] - [42] .
A. Related work
The impact of hardware nonidealities has been studied in various scenarios in [2] - [20] . For instance, [2] - [6] considered different interference-limited scenarios with single-antenna transceivers subject to additive hardware distortions (AHWD). When there is AHWD, the distortion power is a linear function of the signal power at the corresponding antenna [2] - [6] . In [2] , the authors investigated the effect of AHWD on the performance of a dual-hop relay with both amplifyand-forward and decode-and-forward protocols and derived closed-form expressions for outage probabilities, as well as an upper bound for the ergodic capacity. The outage probability for a device-to-device mmW communication system with complex proper AHWD was derived in [3] .
However, AHWD may be, in general, improper due to I/Q imbalance [4] - [6] , [43] - [47] . The authors in [4] considered a relay channel with improper AHWD and maximized the achievable rate of the system by optimizing over complementary variances. In [5] , the authors considered a full-duplex multihop relay channel with improper AHWD. The work in [6] considered the SISO 2user IC with improper AHWD and proposed two suboptimal IGS schemes to obtain the achievable rate region of the SISO 2-user IC.
Hardware nonidealities are even more critical in multiple antenna systems, especially in massive multiple-input, multiple-output (MIMO) communications. In massive MIMO systems, employing low-complexity devices is a must to make the implementation costs affordable, and it has therefore attracted a lot of research [9] , [10] . Obviously, low-complexity devices may generate significant HWI, which makes HWI-aware schemes important in upcoming multiple antenna systems.
The performance of various multiple antenna systems with hardware nonidealities has been investigated in many papers (see, e.g., [7] - [18] ). For instance, the papers [7] - [9] studied secure communications for massive MIMO systems with AHWD in different scenarios. The paper [10] investigated the impact of AHWD on the performance of cellular communication systems in which the base station employs a massive number of antennas. The papers [11] - [13] studied the performance of massive MIMO systems with AHWD in fading channels in different scenarios. In [14] , the authors investigated the system performance of a two-way massive MIMO relay channel with AHWD. In [15] , the authors considered beamforming designs for a dual-hop MIMO amplifyand-forward relay channel in the presence of AHWD and analyzed the outage probabilities for the system. In [16] , the authors studied the capacity limit and multiplexing gain of MIMO pointto-point systems with AHWD at both transmitter and receiver sides.
In addition to AHWD, there might be other sources of hardware imperfections and impairments like I/Q imbalance 1 . When I/Q imbalance occurs, the received signal can be modeled through a widely linear transformation of the transmitted signal and the aggregated noise. Hence, the received signal can be improper even if the transmitted signal and aggregated noise are proper [44] . It has been shown that IGS can improve the system performance in the presence of improper additive noise [4] - [6] , [43] - [47] . For example, it is shown in [45] that IGS is the optimal signaling for a point-to-point single-input, multiple-output (SIMO) system with asymmetric or improper AHWD.
IGS has been used as an interference-management tool in [4] , [22] - [39] . It was shown that IGS can improve the performance of different interference-limited systems in terms of several performance metrics. First, IGS with interference alignment can increase the degrees of freedom (DoF) of different ICs [22] , [23] . Second, IGS can provide significant gains in terms of achievable rate and/or power/energy-efficiency perspectives when interference is treated as noise [24] - [39] .
IGS was considered as an interference management technique for the first time in [22] , where it was shown that IGS can increase the DoF of the 3-user IC. The papers [24] - [27] showed the superiority of IGS in the 2-user IC from achievable rate point of view. A robust IGS design for the 2-user IC with imperfect channel state information (CSI) was proposed in [26] . The ergodic rate of IGS and PGS schemes in the 2-user IC with statistical CSI was studied in [27] . The works [28] - [31] investigated performance improvements by IGS in the Z-IC. In [33] , the authors showed that IGS can decrease the outage probability of the secondary user (SU) in an overlay cognitive radio (CR) for a given rate target. The work [32] showed that IGS can increase the achievable rate of the SU in an underlay CR (UCR) if the interference link is greater than a threshold. Energyefficient designs for IGS were proposed in [34] for UCR and in [35] for the SISO K-user IC.
In [38] , the authors showed superiority of IGS in the MIMO broadcast channel. The paper [39] investigated the performance improvements by IGS in non-orthogonal multiple access systems.
The papers [22] - [39] studied the performance of IGS with ideal devices, which is not a realistic scenario. The papers [4] - [6] , [43] , [45] , [46] consider the performance of IGS with AHWD as 1 In this paper, AHWD noise refers to the model in [2] , [6] , [7] , [9] - [11] , [13] , [16] in which the power of the AHWD noise is a linear function of the power of the received signal. On the other hand, HWI with I/Q imbalance refers to the model in [44] , [47] , where the received signal is a function of the widely linear transform of the transmitted signal and noise, and the variance of the noise is fixed and independent of signal powers. indicated before. However, to the best of our knowledge, there is no work on IGS in interferencelimited systems in the presence of HWI with I/Q imbalance.
B. Contribution
This paper considers the effect of HWI including I/Q imbalance in a MIMO K-user IC. To the best of our knowledge, this is the first work to study IGS in the MIMO K-user IC with HWI and I/Q imbalance. In order to model hardware nonidealities, we employ the HWI model in [44] . That is, we assume that the transceivers are not perfect and generate an additive white and proper Gaussian noise. Moreover, we assume that the upconversion (at the transmitter side) or the downconversion (at the receiver side) chains suffer from I/Q imbalance, which makes the received signal a function of the widely linear transform of the transmitted signal and the aggregated noise.
Thus, the aggregated noise can be improper, which motivates us to consider IGS.
We investigate the performance of IGS as an interference-management technique in this context. We consider two main performance metrics in this paper: the achievable rate and the energy efficiency (EE). The EE of a user is defined as the ratio of its achievable rate to its total power consumption [48] . We show that IGS can outperform proper Gaussian signaling (PGS) in the MIMO K-user IC with HWI and I/Q imbalance from both achievable rate and energy-efficiency perspectives. We observe that the benefits of IGS decrease with the number of antennas either at the transmitter or receiver sides for a fixed number of users. This is due to the fact that interference can be managed more easily by PGS when there are more resources, and consequently, IGS provides less gain as an interference-management technique. We also observe that, for a fixed number of antennas, the benefits of IGS increase with K. The reason is that the interference level increases with K, and the more interference, the better the performance for IGS. Additionally, our results show that the benefits of IGS increase with the imbalance level. The more improper the noise is, the more benefits can be achieved by IGS.
In this paper, we also define a framework to optimize HWI-aware schemes. The framework can be applied to any optimization problem in which the objective and/or the constraints are linear functions of the achievable rates of users. As examples, we consider different optimization problems such as achievable rate region, maximum sum-rate, energy efficiency region and global energy efficiency. The global EE of a network is defined as the ratio of the total achievable rate of the network to the total power consumption of the network.
The main idea of our framework is based on the structure of the achievable rate or energyefficiency functions in interference-limited systems when interference is treated as noise. The capacity of a channel is defined as the difference of the entropy of the received signal and the entropy of the noise at the receiver side [49] . When the noise is Gaussian, the capacity-achieving signaling is Gaussian as well. Moreover, the entropy of Gaussian signals involves a logarithmic function, which is a concave function. As a result, the achievable rate when treating interference as noise (TIN) is a difference of two concave/convex functions. We exploit this feature and employ a majorization-minimization (MM) approach to derive a stationary point of every optimization problem in interference-limited systems with TIN in which the objective function and/or the constraints are linear functions of the rates of users. It is worth mentioning that this optimization approach has already been applied to maximize EE with ideal devices in different scenarios, e.g., [50] , [51] . In this paper we extend this approach to include hardware imperfections, and generalize it to other performance metrics and optimization problems.
Our results show that IGS can be beneficial in terms of both performance metrics, i.e., achievable rate and EE. Interestingly, IGS provides more gain in terms of achievable rate than from an EE perspective. This is in line with our previous studies on energy efficient IGS schemes in different scenarios [34] , [35] . For instance, in [34] , we derived the necessary and sufficient conditions for optimality of IGS in UCR from an EE point of view and showed that these conditions are more restrictive than those obtained when the achievable rate is the performance metric. Moreover, although there are some benefits for IGS in terms of global EE for the MIMO K-user IC, these benefits may be minor. In other words, our numerical results suggest that IGS does not provide a considerable gain in terms of global EE for the MIMO K-user IC.
The main contributions of this paper can be summarized as follows:
• We propose HWI-aware IGS schemes for the MIMO K-user IC. We study two general performance metrics, i.e., the achievable rate and EE and solve four different optimization problems. We derive a stationary point of the rate region, sum-rate maximization, EE region and global EE maximization problems.
• We define a framework to obtain a stationary point of every optimization problem in which the objective function and/or the constraints are linear functions of the achievable rates. It is worth mentioning that although we do not employ these optimization tools for the first time in the literature, we set in this paper a common framework to tackle all these optimization problems. Note that this framework can be applied to any arbitrary interference-limited system with I/Q imbalance and AHWD as long as interference is treated as noise.
• Our results show that IGS can improve the performance of the MIMO K-user IC with HWI and I/Q imbalance in terms of achievable rate and EE. The benefit of employing IGS increases with K and with the level of impairment for a fixed number of antennas. However, IGS provides minor gains with respect to PGS when the number of antennas grows for a fixed number of users. Additionally, we observe that IGS provides more benefits in terms of achievable rate than from an EE perspective.
C. Paper organization
This paper is organized as follows. In Section II, we present the preliminaries and system model.
We define our optimization framework for the MIMO IC with HWI at transceivers in Section III.
We solve the optimization problems in Section IV. Finally, Section V provides some numerical examples along with an extensive discussion of them.
II. PRELIMINARIES AND SYSTEM MODEL

A. Real decomposition of a complex system
Consider the following point-to-point MIMO communication system
where y ∈ C N R ×1 , x ∈ C N T ×1 , n ∈ C N R ×1 , and H ∈ C N R ×N T are, respectively, the received signal, transmitted signal, noise vector, and the channel matrix. The real decomposition model for
Assume n is a random vector with Gaussian distribution as n ∼ CN (0, C n ). The achievable rate of the system is [49]
where C n is the covariance matrix of [ R{n} I{n} ] T , P is the covariance matrix of
B. Preliminaries of IGS
A zero-mean complex Gaussian random variable x with variance p x = E{|x| 2 } is called proper if E{x 2 } = 0; otherwise, it is improper [40] , [41] . When the variable x is improper, its real and imaginary parts are not independent and identically distributed (i.i.d). We can extend the definition of improper scalar variables to vectors. A zero-mean complex Gaussian random vector x N ×1 with
, [41] .
To deal with improper signals, there are generally two approaches: augmented covariance matrix [41] and real decomposition method [52] . In the augmented-covariance-matrix approach, complexdomain signals are considered, and the optimized variables are covariance and complementary covariance matrices. However, in the real-decomposition method, every variable is written in the real domain, and the optimization variable is the covariance matrix of the real decomposition of the signals. The main differences of these two approaches are in the structure of the optimization variables as well as corresponding optimization problems. That is, a complementary covariance matrix has to follow a specific structure for improper signals, while the real covariance matrices are required to be only positive semi-definite. On the one hand, the augmented-covariance-matrix approach can provide insights into the behavior of the signals. For example, we might be able to derive some conditions for optimality of proper or improper signaling by considering complementary variances. On the other hand, depending on the scenario, the optimization over the real domain might be simpler. In this work, we consider the real-decomposition method to simplify the optimization problems.
It is worth emphasizing that, in the real decomposition model, an improper random vector can have any arbitrary symmetric and positive semi-definite covariance matrix. However, a proper Gaussian signal has a covariance matrix with the specific structure [40] 
where A is symmetric and positive semi-definite, and B is skew-symmetric, i.e., B = −B T , which means its diagonal elements are zero.
C. MIMO hardware imperfection model
In this subsection, we present the MIMO transceiver model with non-ideal devices with N T transmitter antennas and N R receiver antennas (see Fig. 1 ). To this end, we employ the non-idealhardware model in [44] . The I/Q imbalance at the transmitter side is modeled as a widely linear transformation of the transmit signal x ∈ C N T ×1 as
where the matrices V 1 ∈ C N T ×N T and V 2 ∈ C N T ×N T capture the amplitude and rotational errors and can be expressed as [44] 
Moreover, the matrices A T and θ T are diagonal and, respectively, reflect the amplitude and phase errors of each branch at the transmitter side [44] . There is no I/Q imbalance if A T = I and θ T = 0 or equivalently, V 1 = I and V 2 = 0.
We also assume that the transmitter is not perfect and may generate an additive proper Gaussian noise in addition to the I/Q imbalance with probability distribution d T ∈ C N T ×1 ∼ CN (0, C T ) [44] . Hence, the transmitted signal is
The transmitted signal is delivered to the receiver over a MIMO channel with additive white Gaussian noise. Hence, the received signal is
where
is the aggregate effect of the additive white Gaussian noise of the channel and the additive distortion of the receive devices. The receiver can suffer from an I/Q imbalance similar to the transmitter. Thus, the received signal after I/Q imbalance is
where the matrices Γ 1 ∈ C N R ×N R and Γ 2 ∈ C N R ×N R are, respectively, given by
Similar to A T and θ T , the matrices A R and θ R are diagonal and, respectively, reflect the amplitude and phase errors of each branch at the receiver side [44] . The following lemmas present the aggregate effect of the impairments at the transmitter and receiver sides.
). The transceiver of MIMO system with HWI can be modeled as
whereH
Proof. Please refer to [44, Lemma 1] .
The real decomposition of the HWI model in Lemma 1 is
where y = R{y} I{y} T , x = R{x} I{x} T , and z = R{z} I{z} T are, respectively, the real decomposition of y, x, and z in (14) . Moreover,H is
The statistics of the vector z ∈ C 2N R ×1 are E{z} = 0, and
Additionally, H, C T , and C R are, respectively, the real decomposition of H, C T , and C R . For
Proof. We can easily construct the real decomposition model in (18) from the complex model in (14) . Now we would like to derive the statistics of z in (18) . To this end, we first write the real decomposition of z in (17) as
which can be represented as z = Γ (H d T + d R ), where d T and d R are, respectively, the real decomposition of d T and d R . The average of z is simply 0 since d R and d T are a zero-mean random vectors. Furthermore, the covariance matrix of z can be derived as (20) .
D. System model
We consider a MIMO K-user IC with imperfect transceivers, as shown in Fig. 2 . Without loss of generality, we assume that the transceivers have the same number of antennas and produce a noise with the same statistics to simplify the equations. It is straightforward to extend this model to the most general case with asymmetric devices. According to Lemma 2, the real decomposition of the received signal at the receiver of user k is where x i is the real decomposition of the transmitted signal of user i, and
whereH 1,ki andH 2,ki can be derived, respectively, by replacing H ki in (15) and (16) . Note that H ki is the channel matrix for the link between transmitter i and receiver k. Moreover, z k is the real decomposition of the noise vector z k , which is given by
According to Lemma 2, the covariance matrix of z k is
where H ki is the real decomposition of H ki , and Γ is given by (21) . Treating interference as noise, we can derive the rate of user k ∈ {1, 2, ..., K} as [40] , [49] 
As can be observed through (27) , the rate of user k is a difference of two concave functions, i.e., R k = r k,1 − r k,2 , where r k,1 and r k,2 are concave. This feature allows us to employ majorization minimization (MM) and convex/concave procedure (CCP) for optimization problems in which the objective and/or constraints are linear functions of the rates as will be shown in Section III and Section IV.
III. OPTIMIZATION FRAMEWORK FOR MIMO SYSTEMS BASED MM
In this section, we present a framework based on MM to solve a family of optimization problems in which either the objective function and/or constraints are linear functions of the rates. In this approach, we exploit the fact that the rate is a difference of two concave functions and solve the corresponding optimization problem iteratively. To this end, we apply the CCP to the rates and approximate the convex part of the rates, −r k,2 , by a linear function through a first-order Taylor expansion.
The proposed framework can be applied to both IGS and PGS schemes. The only difference of IGS and PGS schemes in this framework is the feasibility set of the covariance matrices. As indicated in Section II-B, an improper Gaussian random variable can have an arbitrary symmetric and positive semi-definite covariance matrix. Thus, the feasibility set of the covariance matrices of users {P k } K k=1 for IGS is
where P k is the power budget of user K. It is in contrast with a proper Gaussian signal, which has a covariance matrix with the specific structure in (5) . In this case, the feasibility set is
where P x k has the structure in (5) . In order to include both IGS and PGS schemes in the derivations to follow, we denote the feasibility set of the covariance matrices as P hereafter.
Consider the following optimization problem
If f 0 (·) and f i (·) for i = 1, 2, ..., I are concave, the optimization problem (30) is known to be convex 2 and can be solved in polynomial time. If f 0 (·) and f i (·) for i = 1, 2, ..., I are neither concave nor pseudo-concave, it is not straightforward to derive the global optimal solution of (30) in polynomial time [53] - [56] . A way to solve non-convex optimization problems is to employ iterative optimization algorithms such as MM. The MM algorithm consists of two steps at each iteration: majorization and minimization. In the majorization step, the functions f 0 (·) and f i (·) for i = 1, 2, ..., I are approximated by surrogate functions. Then, the corresponding surrogate problem is solved in the minimization step. In the following lemma, we present convergence conditions of MM iterative algorithms.
Lemma 3 ( [53]
). Let us definef (l) i (·) for l ∈ N as surrogate functions of f i (·) for i = 0, 1, 2, ..., I such that the following conditions are fulfilled:
∂P k for i = 0, 1, 2, · · · , I and k = 1, 2, · · · , K.
is the initial point at the lth iteration of the MM algorithm, which is obtained by solving
Then, the sequence of {P (l) k } K k=1 converges to a stationary point of (30).
Remark 1. The surrogate optimization problem (31) is not necessarily convex; however, we can obtain the global optimal solution of (31) much more easily than (30) .
Note that finding surrogate functions depends on the structure of the objective and constraint functions. In general, there might be different approaches to obtain a surrogate function (see, e.g., [56] ). As indicated in Section II-D, the rate of each user is a difference of two concave functions, which allows us to apply CCP to obtain a suitable surrogate function. That is, we approximate the convex part of the rate expressions in (27) by its first-order Taylor series expansion, which is a linear function. By MM and CCP, we are able to obtain a stationary point of different optimization problems in which either the objective or constraint functions are linear functions of the rates of the users, as will be discussed in Section IV. In the following lemmas, we present the surrogate functions for the rates.
Lemma 4. Using CCP, we can obtain an affine upper bound for log det(Q) as
where Q (l) is any feasible fixed point.
Proof. A concave function can be majorized by an affine function if these two functions have
the same value and the same derivative in a point [56] . The logarithmic function is concave.
Furthermore, the left-hand and the right-hand sides of (32) hold these condition at Q = Q (l) .
Thus, the upper-bound in (32) holds for all feasible Q. Note that the derivative of log det(Q) with respect to Q is Q −1 .
Lemma 5. A concave approximation of the rates in (27) can be obtained by CCP as
where r k,1 and r k,2 are, respectively, the concave and convex parts of R k in (27) . Moreover,
is the derivative of r k,2 with respect to P i at the previous iteration as
Note that r k,2 {P
is constant and is given by r k,2 at the previous step. Additionally, R k andR (l) k fulfill the conditions in Lemma 3.
IV. PROBLEM STATEMENT
In this section, we present a family of optimization problems, which can be solved by the framework described in Section III. In general, any optimization problem in which either the objective or the constraint functions are linear functions of the rates, can be solved by this framework.
A. Achievable rate region
In this subsection, we derive the rate region of the MIMO K-user IC with HWI, which can be cast as [25] maximize
where α k ≥ 0 for k = 1, 2, · · · , K are given constants, and K k=1 α k = 1. The boundary of the achievable rate region can be derived by solving (35) for different values of the α k s.
The optimization problem (35) is not convex; however, we can obtain its stationary point by the framework proposed in Section III. That is, we solve (35) iteratively, and in each iteration, we employ the surrogate function in Lemma 5 for the rates. Since the corresponding surrogate optimization problem is convex, we can efficiently derive the global optimal solution of each surrogate optimization problem and consequently, obtain a stationary point of (35) .
B. Maximizing sum-rate
The sum-rate of the MIMO K-user IC with HWI can be obtained by solving
where (36b) is the quality of service (QoS) constraint, and R th,k is a given threshold for the rate of user k. Note that the R th,k s have to be set to make (36) feasible. Similar to (35) , we can solve (36) by the framework in Section III and obtain its stationary point. Note that each surrogate optimization problem is convex, which can be solved efficiently.
C. Energy-efficiency region
Now we consider the EE of the MIMO K-user IC with HWI. The EE of user k is defined as the ratio of its achievable rate to its power consumption [48] E k = R k η k Tr(P k ) + P c,k , (bits/Joule) (37) where η −1 k , and P c,k are, respectively, the power transmission efficiency of user k, and the constant power consumption of the kth transceiver. The EE function is a linear function of the rates, which allows us to apply the framework in Section III to optimize the EE. EE function has a fractional structure, which makes its optimization more difficult than the rate analysis, as will be discussed in the following.
The EE region of the MIMO K-user IC with HWI can be derived by solving [48] maximize
where α k ≥ 0 for k = 1, 2, · · · , K and K k=1 α k = 1. Moreover, the constraint (38c) is the QoS constraint, similar to (36b), and R th,k has to be chosen such that the feasible set of parameters is not empty. Similar to (35) , the boundary of the EE region can be derived by solving (38) for all possible α k s. Since E k is a linear function of R k , we can apply the framework in Section III to derive a stationary point of (38) . The surrogate optimization problem at the lth iteration is
Note that we can rewrite (39) as a maximin fractional optimization problem by removing E as
The optimization problem (39) (or equivalently (40)) is not convex; however, its global optimal solution can be derived by employing the generalized Dinkelbach algorithm (GDA). The GDA is a powerful tool to solve maximin fractional optimization problems and is presented in the following Lemma.
Lemma 6. Consider the following fractional optimization problem
where v k (·) is a concave function in X, u k (·) is a convex function in X, and X is a compact set. The global optimal solution of (41) can be derived, iteratively, by the GDA, i.e., by solving
where µ (m) is constant and given by
where X (m−1) is the solution of (42) at the (m − 1)th iteration. Note that the GDA converges to the global optimal solution of (41) linearly.
Proof. Please refer to [6] , [48] , [57] .
Remark 2. In order to apply the GDA, it is not necessary that v k and −u k are concave in X.
However, the GDA is ensured to obtain the global optimum solution if v k and −u k are concave in X.
Applying the GDA to (39), we have
where {P
is the solution of (44) at the (m−1)th iteration. Note that the GDA converges to the global optimal solution of (39) linearly, and the whole algorithm converges to a stationary point of (38) .
D. Global energy-efficiency
In this subsection, we consider the global EE of the MIMO K-user IC with HWI, which can be cast as [48] maximize
Similar to (38) , since the EE is a linear function of the rates, we can apply the framework in Section III to obtain a stationary point of (46) . Thus, the surrogate optimization problem at the lth iteration is
Similar to (39) , the optimization problem is not convex; however, its global optimal solution can be derived by the Dinkelbach algorithm. That is, we obtain P (l,m) i by solving
is the solution of (48) at the (m − 1)th iteration. The global optimal solution of (47) can be achieved by iteratively solving (48) and updating µ (m) until a convergence metric is met. Moreover, as indicated, the whole algorithm converges to a stationary point of (46) .
E. Other scenarios
The proposed optimization framework can be applied to many other scenarios, such as orthogonal frequency division multiplexing (OFDM) in which the achievable rate of a user is the summation of the rates of each frequency subband [58] . In this case, the total rate is a difference of two concave functions since the rate of each subband is a difference of two concave functions.
As a result, we can apply DCP to derive a stationary point of any optimization problem for multiuser OFDM systems, in which the objective and/or constraints are a linear function of the total achievable rate. Additionally, we can apply this framework to optimize the rate or the energy efficiency in other interference-limited systems such as underlay cognitive radio, relay channels, broadcast channels, etc. We can also consider more general sources of distortion with arbitrary positive semi-definite covariance matrices.
V. NUMERICAL EXAMPLES
In this section, we provide some numerical examples. We employ Monte Carlo simulations and average the results over 100 channel realizations. In each channel realization, the channel entries are drawn from a zero-mean complex proper Gaussian distribution with unit variance, i.e., CN (0, 1). For all simulations, the maximum number of the iterations of the MM algorithm is set to 40. We also consider C T = σ 2 T I N T and C R = σ 2 R I N R [44] , or equivalently
In all simulations, we assume σ 2 T = 0.2 and σ 2 R = 1. We assume that the I/Q imbalance by each antenna is the same. In other words, the matrices
in all simulations. We also define the signal-to-noise ratio (SNR) as the ratio of the power budget to σ 2 , i.e., SNR= P σ 2 . We compare our proposed algorithms for PGS and IGS with the PGS algorithm for ideal devices.
The considered schemes in this section are as follows:
• IGS: The IGS scheme.
• PGS: The PGS scheme.
• I-PGS: The PGS scheme for K-user IC without considering the I/Q imbalance in the design.
It is worth mentioning that the performance of MM algorithms depend on the initial point.
In PGS and I-PGS algorithms, we start with a uniform power allocation P k = P 2Nt I 2Nt for k = 1, · · · , K in optimization problems (35) and (36) and P k = 0.3P 2Nt I 2Nt for k = 1, · · · , K in optimization problems (38) and (46) . However, the IGS algorithm takes the solution of the PGS algorithm as an initial point. 
A. Achievable rate region
In this subsection, we consider a specific point of the rate region, which maximizes the minimum rate of users. The minimum rate of the MIMO K-user IC is maximized for α k = 1 K . This point is also referred as the maximin fairness point. Hereafter, we call the minimum rate the fairness rate.
We show the fairness rate of the SISO and MISO 2-user IC for a T = 0.6 and different number of antennas at the transmitter side in Fig. 3 . As can be observed, there is a huge performance improvement by IGS in the 2-user SISO IC, especially at high SNR. However, the benefits of employing IGS become less substantial when increasing the number of antennas. This is due to the fact that, by increasing the number of spatial resources (e.g. antennas) for a fixed number of users, the interference can be managed more easily, and hence, IGS as an interference management tool does not provide significant gain. This is in line with the results in [58] , in which it was shown that IGS might not provide significant benefits in OFDM UCR systems due to the existence of multiple parallel channels over which interference can be managed efficiently without resorting to IGS. Moreover, in [59] , it was shown that the IGS does not provide any benefit in comparison to PGS with time sharing when the average power consumption is constrained instead of the instantaneous power, which allows a more flexible power allocation. To sum up, the benefits of IGS decrease or even vanish when increasing the number of resources either by increasing the number of antennas or number of time slots, by time sharing, and/or the number of parallel channels by OFDM. Nevertheless, it is worth mentioning that, even with many antennas, IGS and HWI-aware PGS outperform PGS, which is designed for ideal devices. Figure 4 shows the effect of the power budget on the fairness rate of the MIMO K-user IC for a T = 0.6 and N T = N R = 2. As can be observed, the benefit of IGS is minor when K = 2.
However, by increasing the number of users, the performance improvement of IGS increases. The reason is that, by increasing the number of users, the interference level increases, which results in more performance improvements by IGS as an interference-management technique. Moreover, IGS performs much better in high SNR for K = 6, similar to the SISO 2-user IC as depicted in Fig. 3a . Figure 5 shows the fairness rate versus the level of the I/Q imbalance, i.e., 1−a T for SNR= 0 dB and N T = N R = 2. As can be observed, the IGS design is less affected by the HWI level for different K. When K = 2, the IGS and PGS schemes perform very similarly in low HWI level.
However, the performance of the PGS scheme drastically decreases with the HWI level, while the fairness rate of the IGS scheme decreases only slightly. When K = 4 and K = 6, the same behavior is observed, but the relative performance of the IGS scheme over the PGS scheme is increasing with K. Moreover, for a given K, the benefits of IGS increase with the level of the I/Q imbalance, as expected. Figure 6 considers the effect of the number of users on the fairness rate as well as on the performance of IGS for SNR= 10 dB, a T = 0.6 and N T = N R = 2. As can be observed, the fairness rates are related to K −1 . Additionally, the relative performance improvement by IGS increases with K, where there is more than 80% improvements over PGS for K = 10. The reason is that more users provoke more interference, which results in turn in more improvements by IGS as indicated before.
B. Achievable sum-rate
In Fig. 7 , we show the effect of the number of users on the achievable sum-rate of the MIMO K-user IC for SNR= 10 dB, a T = 0.6 and N T = N R = 2. In this figure, we set the threshold in (36) to R th,k = 0. We can observe that the sum-rate and also the relative performance of IGS over PGS are increasing in K. Since we maximize the sum-rate without considering a QoS constraint, the rate of some users with weak direct link might be even 0, which causes less interference. As a result, the relative performance improvement of IGS is less significant than the improvements for the fairness rate observed in Fig. 6 .
C. Energy efficiency region
In this subsection, we consider the EE region in (38) . In general, IGS provides less EE benefits than rate benefits. For example, in [34] , it was shown that there are more constraints for optimality of IGS in an UCR system from an EE point of view than from a rate perspective. In other words, it might happen that IGS provides more rate benefits for the secondary user but, at the same time, PGS is the energy-efficient optimal scheme for the SU.
In Fig. 8 , we show the symmetric EE of the MIMO 6-user IC versus P c for SNR= 10 dB, a t = 0.6 and N t = N r = 2. As can be observed, the symmetric EE decreases with P c . Moreover, our proposed IGS scheme outperforms the PGS scheme as well as I-PGS. Figure 9 shows the relative performance improvement by our IGS scheme with respect to the PGS and I-PGS schemes for the results in Fig. 8 . As can be observed in these figures, the symmetric EE decreases with P c ; however, the benefits of employing IGS is increasing in P c . The reason is that when P c is very large, the EE-region-optimization problem is simplified to the achievable-rate-region problem, and as indicated, IGS can provide more gain in achievable-rate optimizations. Figure 10 shows the global EE of the 2 × 2 MIMO 6-user IC versus P c for SNR= 10 dB, a t = 0.6 and N t = N r = 2. In this figure, we assume R th,k = 0 in (46) . As can be observed, IGS provides minor benefits for the global EE. Since the QoS constraint is not considered, it might happen that some users are switched off, thus reducing the total level of interference. Moreover, the lower the interference level, the less need for interference-management techniques. Thus, we can expect that the benefits of employing IGS decrease in global EE with respect to EE.
D. Global Energy efficiency
VI. CONCLUSION
This paper studied the effect of HWI with I/Q imbalance at the transceiver of a MIMO Kuser IC. In the presence of I/Q imbalance, the received signal is a function of the widely linear transform of the transmitted signal and the aggregated noise. Hence, the effective noise is modeled as improper at the receiver side, which motivated us to consider the use of IGS. Considering achievable rates and EE as performance metrics, we proposed HWI-aware IGS schemes for the MIMO K-user IC. We defined an optimization framework, which can obtain a stationary point of any optimization problem for interference-limited systems with TIN in which the objective function and/or constraints are linear functions of the achievable rate. In this paper, we derived a stationary point of the achievable rate-region, sum-rate maximization, EE region and global EE maximization problems. We observed that the benefits of IGS as an interference-management technique increase with the number of users and decrease with number of antennas. This is due to the fact that higher interference levels result in an increased need for interference management and consequently, more improvements by IGS. We also observed that the benefit of employing IGS increases with impairment level.
As future work, it may be interesting to find out how close the solution of this algorithm is to the corresponding global optimum solutions. Additionally, our scheme is a centralized approach, which might not be applicable in some practical scenarios. Hence, distributed algorithms should also be developed. 
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